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Abstract

We study a variant of the single-choice prophet inequality problem where the decision-maker
does not know the underlying distributions and has only access to samples from the distribu-
tions. Rubinstein et al. [2020] showed that the optimal competitive ratio of 3 can surprisingly
be obtained by observing a single sample from each distribution. In this paper, we give an
alternative proof of this result.

1 Introduction

The prophet inequality [Krengel and Sucheston, 1977, 1978] captures scenarios where a decision-
maker needs to select a reward among a sequence of rewards in an online manner. The rewards are
stochastic and are distributed according to known distributions. Each time, one reward is revealed
to the decision-maker which needs to decide immediately and irrevocably whether to accept it
(which ends the process) or discard it (hoping to obtain a more valuable reward in the future). The
performance of the decision-maker is measured against the offline optimum (or a “prophet” that can
see into the future, and always selects the maximum reward). The prophet inequality framework
(and its variants) captures many online settings such as dynamic pricing, matching markets, and
resource allocation.

Traditionally, it is assumed that the distributions of the random variables are known to the
decision-maker. This assumption, while convenient for theoretical analysis, raises practical con-
cerns: Where do these priors come from, and how realistic is it to assume that they are known
with precision? In many real-world scenarios, exact knowledge of the underlying distributions is
not available, and instead, decision-makers must rely on samples drawn from these distributions.

Azar et al. [2014] proposed addressing this challenge by considering the prophet inequality in
a setting where only samples, rather than complete knowledge of the distributions, are available.
This approach by Azar et al. [2014] sparked a line of research that explores the prophet inequality
framework under various conditions where the online algorithm has access only to samples [Azar
et al., 2014, Rubinstein et al., 2020, Diitting et al., 2021, Caramanis et al., 2022, Correa et al., 2022,
Gravin et al., 2022, Kaplan et al., 2022, Cristi and Ziliotto, 2024, Correa et al., 2024, Fu et al.,
2024).

Among this line of works, Rubinstein et al. [2020] considered the classical setting of single-choice
prophet inequality from samples and showed that it is possible to achieve a competitive ratio of %
even when only a single sample is provided from each distribution.

*This paper is based on a result from [Ezra, 2026].
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Our contribution. Our result is an alternative proof of the main result of Rubinstein et al. [2020)]
where we show that for the single-sample case, the threshold algorithm that sets the maximum
sample as a threshold achieves a competitive ratio of % We show this result by establishing that
for each value z, the probability that the algorithm selects at least x is at least half of the probability
that the maximum is at least . Thus, this algorithm not only achieves half of the expectation of
the prophet, but also, the distribution of this algorithm %—stochastically dominates the distribution
of the prophet. Our proof relies on establishing two lower bounds that compare the probability of
selecting at least x to the probability that the maximum is at least . We then integrate over our

constructed lower bounds and derive the approximation of half.

1.1 Related Work

The study of prophet inequalities with limited prior information was initiated by Azar et al. [2014],
who demonstrated that a single sample from each distribution is sufficient to achieve an asymp-
totically optimal competitive ratio for the k-capacity prophet inequality. Rubinstein et al. [2020]
focused on the single-choice prophet inequality and showed that the optimal competitive ratio of
% can be attained using just one sample per distribution. Additionally, they showed that when
the rewards’ values are drawn from identical distributions, O(Z%) samples suffice to achieve a loss
of only an e-fraction compared to the best online algorithm with full distributional information.
Diitting et al. [2021] explored the single-sample prophet inequality under a matching feasibility con-
straint and established a competitive ratio of 1—16. Caramanis et al. [2022] extended the single-sample
prophet inequality framework to various settings, including different types of matroids and match-
ing problems under diverse arrival models. Gravin et al. [2022] considered the prophet inequality
with fewer than one sample per distribution, where each distribution is sampled with probability
p, and demonstrated that the optimal competitive ratio achievable in this setting is %. Correa
et al. [2024] improved the sample complexity results of Rubinstein et al. [2020] for the i.i.d. prophet
inequality, showing that  samples are sufficient to achieve a loss of an e-fraction. Recently, Cristi
and Ziliotto [2024] introduced a unified framework showing that O (}5) of samples from all distri-
butions is sufficient to achieve the optimal competitive ratio (up to a factor of €) for three variants
of the prophet inequality: prophet secretary (where the rewards arrive in random order), free order
(where the decision-maker can choose the order of the observed rewards), and the i.i.d. case. Fu
et al. [2024] examined the prophet inequality under matroid feasibility constraints and proved that
a polylogarithmic number of samples per distribution is enough to achieve a constant competitive

ratio.

2 Preliminaries

We consider a setting with n boxes. Every box ¢ contains some value v; drawn from an underlying
independent distribution F;. We denote the product distribution F' = F; x ... x F},. The values
are revealed sequentially in an online fashion, and the decision-maker needs to select one of them
in an immediate and irrevocable manner without observing future values. We consider algorithms
that do not know the distributions Fj;, but instead will have access to samples from them. We
assume that prior to the online decision-making process where v; are revealed to the algorithm, one
sample s; from each distribution Fj is given to the algorithm, where we denote by S = (S1,...,Sy).
We denote an online algorithm by ALG, and given a sequence of samples S = (Si,...,S5,) and



online values v = (vy, ..., vy), we denote by ALG(S,v) the (possibly random) value chosen by the
algorithm ALG on v and S.
We measure the performance of an algorithm ALG by the competitive ratio measure, which is

a(ALG) = inf Zs~F [Eur[ALG(S, v)]]
F

E,~r[max; v;] ’
where the expectation in the numerator is also taken over the randomness of the algorithm.

We assume for simplicity of the analysis that all distributions are continuous, therefore there are
no ties between different values and samples. This assumption is made without loss of generality
by employing standard techniques, such as using randomized tie-breaking when values or samples
are identical (see e.g., [Ezra et al., 2018, Rubinstein et al., 2020]).

Lastly, we compare different distributions through the notion of approximate stochastic domi-
nation.

Definition 2.1 (Stochastic Domination). For two distributions over R>q and a parameter~y € [0, 1],
we say that Dy y-stochastically dominates the distribution Do if for every x € R>q it holds that

Pr (X >2]>~- Pr [X >al.
Sp X zal 2y Pr (X > a]

In particular, our proof relies on the fact that if the distribution of the chosen value of an
algorithm ~-stochastically dominates the distribution of the prophet, it implies a competitive ratio
of ~y since

E[ALG(v)] = /000 Pr[ALG(v) > z]dx > /Ooofy . Pr[mzaxvi > xldr =~ - E[mlaxvi]. (1)

3 Single-Sample Prophet Inequality

In this section, we provide our result of an alternative proof for the result of Rubinstein et al. [2020],
showing that an optimal competitive ratio of 1/2 can be obtained when the online algorithm is given
only a single sample from each distribution. Consider the algorithm ALG that sets the maximum
sample as a threshold. Let Fj be the CDF of box i. Let F' =[], Fj, be the product of the CDF's
(which is the CDF of the maximum), and let f be the corresponding PDF of the maximum. We
show that ALG %—stochastically dominates the prophet, i.e., for every value x € R>, it holds that

1
Pr[ALG(S,v) > z] > iPr[max v; > . (2)

Equation (2) together with Equation (1) imply that a«(ALG) > 1.

Proof of Inequality (2). We first observe that Primax; v; > z] =1 — F(x).



On the other hand, if the maximum sample, which we denote by s, satisfies that s < x, then:

n

Pr[ALG(S,v) > z | max(S) =s] = Z(l — Fi(z)) HFj(s)
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where the inequality is since we multiplied each term by [] i>i Fola) which is at most 1 since s < z.
=t I
If the maximum sample satisfies that s > x, then:

n

Pr[ALG(S,v) > z | max(S) =s] = Z(l — F(s)) HFJ(S) =1—F(s). (4)
i=1 j<i
Overall,
Pr[ALG(S,v) > z] = /000 f(s) - PrJALG(S,v) > z | max(S) = s|ds
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where the first equality is by integrating over the maximum sample; the first inequality is by
partitioning to values of s that are smaller and larger than = and by Equations (3) and (4).
This concludes the proof of Equation (2). O
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