
Learning a Game by Paying the Agents∗

Brian Hu Zhang† Tao Lin‡ Yiling Chen§ Tuomas Sandholm¶

May 24, 2026

Abstract

We study the problem of learning the utility functions of no-regret learning agents in a repeated
normal-form game. Differing from most prior literature, we introduce a principal with the power to
observe the agents playing the game, send agents signals, and give agents payments as a function of
their actions. We show that the principal can, using a number of rounds polynomial in the size of the
game, learn the utility functions of all agents to any desired precision ε > 0, for any no-regret learning
algorithms of the agents. Our main technique is to formulate a zero-sum game between the principal and
the agents, where the principal’s strategy space is the set of all payment functions. Finally, we discuss
implications for the problem of steering agents to a desired equilibrium: in particular, we introduce,
using our utility-learning algorithm as a subroutine, the first algorithm for steering arbitrary no-regret
learning agents without prior knowledge of their utilities.

1 Introduction

Most literature on game theory aims to understand the behavior of agents in a game given the preferences of
the agents. That is, knowing what the agents want, how will they act? In this paper, we consider the inverse
of this problem: if all we can observe is how agents act, can we infer what they want, that is, their utility
functions? The problem of infering agents’ utility functions from their behavior is known as “learning from
revealed preferences” (e.g., Beigman and Vohra [2006], Zadimoghaddam and Roth [2012]) or “inverse game
theory” (e.g., Kuleshov and Schrijvers [2015]). Despite a long history, these two lines of work have some
limitations. First, they often assume that the observed behavior of the agents is (Nash) equilibrium behavior.
This is arguably unrealistic, especially because Nash equilibria are PPAD-hard to compute [Daskalakis et al.,
2006, Chen et al., 2009]. Second, they mostly focus on passive problems, aiming to learn agents’ utility
functions from a fixed set of behavioral data. Often, this creates trivial impossibility results, stemming from
the fact that the behavioral data available is simply not enough to determine the agents’ preferences.

In this paper, we consider an active, non-equilibrium inverse game problem. A principal observes the
actions of agents playing an unknown repeated game, and seeks to learn the agents’ utility functions from
those observations. We do not assume the agents to play equilibria. Instead, they can use any no-regret
algorithms to learn to choose actions. The principal can actively modify the unknown game by giving
payments to the agents as a function of their play, as well as providing signals, in the spirit of correlated
equilibria [Aumann, 1974]. The signaling scheme and payment scheme can change from round to round,
depending on the agents’ past actions. Under this setup, we ask:

Can a principal learn the utility functions of no-regret learning agents?

We will give a positive answer to this question, by designing an algorithm for the principal to learn the game
via payments and signals.
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1.1 Overview of our results

In our model, agents play a fixed normal-form game Γ repeatedly over T rounds, using arbitrary no-regret
learning algorithms. A principal, initially knowing nothing about the agents’ utility functions, can give non-
negative payments to the agents, that get added to the agents’ utilities, to influence the agents’ behavior.
The principal aims to learn the utility functions of all agents to a given target precision ε > 0, based on the
actions taken by the agents.

Our main result is an efficient algorithm for the principal to learn the game by paying no-regret learning
agents. Let n be the number of agents, mi be the number of actions of each agent i, and M =

∏
i mi be the

total number of action profiles. Assume that each agent’s regret in T rounds is at most O(
√
T ) (satisfied by

typical no-regret algorithms). Our algorithm learns the game in polynomially many rounds:

Theorem 1.1 (Informal version of Theorems 4.3 and 4.4). There exists a principal algorithm that learns a
game to precision ε in MO(1)/ε2 rounds, for any no-regret agents. This is tight up to the constant in O.

The main idea of our algorithm is surprisingly simple but powerful. In the single-agent case, we let the
principal play a zero-sum game with the agent, where the agent chooses actions to maximize its reward,
which is utility plus payment, while the principal chooses payments to minimize the agent’s reward. This
game admits a unique equilibrium where the principal’s payment function is equal to the negation of the
agent’s utility function. By running no-regret algorithms against each other, the principal and agent can
reach such an equilibrium, so the negative average payment function becomes an accurate estimate of the
agent’s utility function. In the multi-agent case, we use signals to separate the learning problems for different
agents, reducing the problem to the single-agent case.

We then turn to a motivating application, which is the problem of steering no-regret learners to desirable
outcomes, introduced by Zhang et al. [2024]. Departing from them, we do not require the principal to know
the agents’ utility functions. We define a solution concept called correlated equilibrium with payments (CEP),
in which the principal has a utility function, and wishes to optimize its utility minus the amount of payment
that it must give. We then show that the principal can learn to steer no-regret agents to achieve the CEP
that is optimal for the principal, without prior knowledge of the agents’ utility functions:

Theorem 1.2 (Informal version of Theorem 5.2). Let F ∗(Γ) be the principal’s objective value in the optimal
CEP in game Γ. Then, with no prior knowledge of the agents’ utilities, there exists an algorithm for the
principal to achieve time-averaged value at least F ∗(Γ)− poly(M) · T−1/4 against any no-regret agents.

All our algorithms are implementable by the principal in poly(M) running time. To our knowledge,
our Result 1 is the first positive result for utility-learning against arbitrary no-regret agents. Our Result
2 is the first in steering any no-regret agents without prior knowledge of their utilities, and the first exact
characterization of the optimal value achievable by the principal in the steering problem.

1.2 Related research

Steering agents to achieve desirable outcomes is an important subject of study in economics, computer
science, and control theory (e.g., Monderer and Tennenholtz [2003], Zhang et al. [2024], Canyakmaz et al.
[2024], Yao et al. [2025]). In particular, Zhang et al. [2024] introduced the problem of steering no-regret
learners via payments. Critically, most prior works on steering assume that the principal knows the agents’
utility functions. We study how the agents’ utility functions can be learned, the solution to which will serve
for any downstream applications including steering.

Besides the aforementioned works, another literature about learning agents’ utility functions from their
behavior is learning in Stackelberg games, where the principal cannot pay the agents but can influence the
agents’ actions by changing its own strategy, and the agents respond myopically [Letchford et al., 2009, Peng
et al., 2019] or by learning algorithms [Haghtalab et al., 2022]. Strong impossibility results are known for this
problem: without regularity conditions or without knowing the details of the agents’ learning algorithms,
the principal cannot learn the agent’s utility function [Zhang et al., 2025]. In contrast, we consider a setting
where the principal gives payments but does not take actions. We show that the use of payment makes
a significant difference: the principal can now learn the utility functions of any no-regret agents without
knowing their behavioral details.
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Even with payment, the problem of learning from learning agents is still challenging. As we will discuss
more in Section 4, a key obstacle is the non-forgetfulness of agents’ no-regret algorithms. The payment given
to the agents in the past affect their future behavior. Non-forgetfulness is a known issue in multi-agent
learning dynamics [Wu et al., 2022, Cai et al., 2024, Scheid et al., 2024]. We overcome this obstacle by
designing a zero-sum-game-based learning algorithm for the principal and using signals to influence agents,
without requiring the agents’ algorithms to be forgetful.

Our use of signals to influence agents is inspired by information design (e.g., Kamenica and Gentzkow
[2011]). In fact, Feng et al. [2022], Bacchiocchi et al. [2024] studied how to learn agents’ utility functions
by providing signals to shape agents’ beliefs and behaviors in information design problems. While they
consider myopically best-responding agents, we allow any no-regret learning agents, a more challenging
setting necessitating the combination of signals and payments.

The literature on playing against no-regret agents studies how the principal should play a game if they
know the agents’ utilities and some properties of the agents’ algorithms (e.g., Braverman et al. [2018], Deng
et al. [2019], Mansour et al. [2022], D’Andrea [2023], Lin and Chen [2025], Arunachaleswaran et al. [2025]).
For example, Deng et al. [2019] show that, for mean-based no-regret agents, the principal can gain more
than the Stackelberg value in a Stackelberg game. Our algorithms and setting, on the other hand, consider
worst-case no-regret agent behaviors. While most of the cited papers consider principal-agent problems with
a single agent and with no payment, we consider arbitrary payment-argumented multi-agent games.

2 Preliminaries

Notations. The set of positive integers {1, . . . , n} is denoted by [n]. The notation f ≲ g means f ≤ O(g),
and f ≳ g means f ≥ Ω(g). Õ and Ω̃ hide factors logarithmic in their argument. For a vector v ∈ Rm, its
i-th component is denoted by v[i] or vi. Vector of ones and zeros are 1 = (1, . . . , 1) and 0 = (0, . . . , 0). I{·}
is the indicator function, i.e., for a statement p, I{p} = 1 if p is true and 0 if p is false.

Normal-form games. A normal-form game Γ = (n,A,U) consists of a set of n agents, or players, denoted
by [n]. Each agent i ∈ [n] has an action set Ai of size mi ≥ 2. Let m := maxi mi and M =

∏
i mi. A tuple

a ∈ A := A1 × · · · × An is an action profile. Each agent has a utility function Ui : A → [0, 1], denoting the
utility for agent i when the agents play action profile a ∈ A. A mixed strategy of agent i is a distribution
xi ∈ ∆(Ai). We will overload the utility function Ui to accept mixed strategies, so that Ui(x1, . . . ,xn) is
the expected utility for agent i when every agent j ∈ [n] independently samples aj ∼ xj . As is standard in
game theory, we use −i to refer to the tuple of all agents except i. For instance, Ui(a

′
i,a−i) is the utility of

agent i when agent i plays action a′i ∈ Ai and other agents play a−i ∈ A−i =×j ̸=i
Aj .

No-regret learning. In no-regret learning, a learner has a convex compact strategy set X ⊂ Rm, and
interacts with a possibly adversarial environment. On each timestep t, the learner selects a strategy
xt ∈ X . Simultaneously, the environment, possibly adversarially, selects a linear utility vector ut ∈
Rm, which we assume to be bounded: |⟨ut,x⟩| ≲ 1. The learner’s regret after T timesteps is R(T ) =

maxx∈X
∑T

t=1⟨ut,x− xt⟩. We say that the learner is running a no-regret algorithm if its average regret
R(T )/T → 0 in the limit T →∞ for all possible sequences (u1, . . . ,uT ).

A well-known no-regret algorithm for general strategy set X is projected gradient descent/ascent [Zinke-
vich, 2003]. Projected gradient ascent selects x1 ∈ X arbitrarily, and for every timestep t > 1 sets
xt = ΠX [xt−1 + ηut−1] where ΠX is the ℓ2-projection operator into X . With step size η = B/(G

√
T ),

where B is the ℓ2-diameter of X and G bounds the ℓ2-norm of ut, the algorithm achieves a regret of
R(T ) ≲ BG

√
T .

To apply no-regret learning to games, each agent i runs a no-regret algorithm over their mixed strategy set
X = ∆(mi). For this special case, the most common algorithm is the multiplicative weights update (MWU)
algorithm (e.g., Freund and Schapire [1999]), which sets xt ∝ exp

(
η
∑

τ<t u
τ
)
, where η =

√
log(mi)/T is an

appropriately-chosen step size and exp(·) is the element-wise exponential function. Multiplicative weights
achieves regret bound R(T ) ≲

√
T logmi.
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3 Our Problem: Learning from Learning Agents

We study a setting where the principal does not initially know anything about the agents’ utility functions
Ui except for boundedness. The principal knows the number of agents n and their action sets Ai, oversees
the agents playing the game repeatedly over T rounds, and can provide payments and signals to influence
the agents’ behavior, in order to learn the utility functions of the agents. More formally, in each round
t = 1, . . . T , the following events happen in order:

1. The principal selects payment function P t
i : Ai → [0, B] for each agent i, where B is a large constant.1

The payment P t
i (ai) is added to agent i’s reward, creating a new game Γt with utility functions given

by U t
i (a) := Ui(a) + P t

i (ai).

2. The principal sends a signal sti ∈ Si to each agent i.

3. Observing sti (but not P
t
i ), each agent i selects a mixed strategy xt

i ∈ ∆(Ai).

4. The principal observes the joint mixed strategy xt. Each agent i gets reward U t
i (x

t).

Agents’ no-regret learning We assume that each agent selects xt
i using a no-regret learning algorithm,

or more precisely, a contextual no-regret learning algorithm where signals are contexts and agents achieve
no regret given any signal/context. Formally, there is a (possibly game-dependent) constant C ≤ poly(M)
such that, for every agent i, every signal si ∈ Si, every time step t ≤ T ,2

R̂i(t, si) := max
ai∈Ai

∑
τ≤t:sτi =si

[
Uτ
i (ai,x

τ
−i)− Uτ

i (x
τ )
]
≤ C

√
T . (1)

One way to achieve this guarantee is for each agent to run |Si| independent no-regret algorithms, one for
each signal. However, we do not restrict to any specific algorithms: agents can run any algorithms satisfying
the above no-regret property, such as projected gradient ascent, MWU, Exp3, and so on. In particular,
agents can run full-feedback or bandit-feedback no-regret algorithms; our results are unaffected. Indeed, the
agents’ learning algorithms need not even be independent; they could choose their actions using a centralized
algorithm. As typical no-regret algorithms do not require knowledge of the utility functions (they operate
on the feedback received after each round), the agents can also be initially ignorant of their own utility
functions Ui, just as the principal is.

Mixed strategies and agent randomization Our model stipulates that the principal observes the full
joint mixed strategy xt, instead of a sampled pure strategy profile at ∼ xt. This stipulation, however, is not
at all vital and could be removed with only minimal effect on the results. In particular, suppose that each
agent i, instead of announcing a mixed strategy xt

i in each round, samples an action ati ∼ xt
i and announces

the “mixed strategy” that assigns all mass to ati. Then the principal only observes ati. The difference now
is that, since the agents are randomizing, the regret bound (1) cannot hold deterministically; there will be
some stochastic approximation error term that can be bounded by Azuma-Hoeffding inequality, so (1) only
holds with high probability. In that setting, one can think of the results of this paper as conditional on the
high-probability event that (1) holds.

In particular, lower bounds that apply to the setting where the principal only observes the realized action
profile also apply to the setting where the principal observes the mixed strategy profile. We will use this fact
freely to prove lower bounds, in Theorem 4.4.

3.1 Our Goal

Our goal is to design algorithms for the principal to learn the agents’ utility functions Ui by designing
the payment functions P t

i and sending signals sti, for any no-regret learning agents. However, this goal as
currently stated is impossible, because agents’ regrets are only affected by the utility differences between

1All our positive results will only require B = 2, since the utility functions are bounded by 1.
2Such anytime no-regret is not a strong requirement. Our full paper shows that any algorithm with the usual no-regret

guarantee under adversarial environments automatically satisfies anytime no-regret.
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actions, namely, Ui(ai,a−i)−Ui(a
′
i,a−i), and the behaviors of typical no-regret algorithms (such as MWU)

only depend on those differences. In other words, if we create another game Γ̃ with Ũ(ai,a−i) = Ui(ai,a−i)+
Wi(a−i) for all a ∈ A, where Wi : A−i → R is an arbitrary function not depending on agent i’s action,
there is no way to distinguish Γ from Γ̃ using only agents’ behavioral data – that is, games Γ and Γ̃ are
strategically equivalent. Thus, we can only determine utility functions up to strategic equivalence.

Our formal goal is thus the following. Given a game Γ and precision ε, we say that the principal’s
algorithm ε-learns the game Γ if it outputs utility functions Ũi : A → R such that there exist functions
Wi : A−i → R satisfying ∣∣∣Ui(a) +Wi(a−i)− Ũi(a)

∣∣∣ ≤ ε, ∀i ∈ [n], ∀a ∈ A. (2)

The goal of the principal is to ε-learn Γ in as few rounds as possible. Learning a game up to strategic
equivalence is sufficient for almost all practical purposes because equilibrium notions such as Nash equilibria
and correlated equilibria are invariant under strategically equivalent transformations of utility functions.

While our paper focuses on the problem of minimizing the number of rounds it takes to learn the game, an
alternative goal might be to minimize the total payment to do so. The full version of our paper shows that,
however, the minimal achievable payment is upper-bounded and lower-bounded by the minimal number of
rounds up to constant factors, so these two problems are quantitatively similar.

4 Learning a Game by Paying No-Regret Learners

We design efficient algorithms for the principal to ε-learn a game by paying no-regret learning agents. We
will start with the single-agent case to illustrate the main ideas of our algorithms, before proceeding to the
multi-agent case. The single-agent algorithm turns out to be surprisingly simple.

4.1 A Simple Zero-Sum-Game Based Algorithm in the Single-Agent Case

In the single-case case (n = 1), it is more convenient to view the single agent’s utility function as a vector
u ∈ [0, 1]m, and similarly the payment P t : [m] → R as vector pt ∈ Rm and total utility ut := u + pt. To

simplify notations, we subtract the average utility of all actions from the utility of each action: u← u− ⟨1,u⟩
m 1,

so that u ∈ [−1, 1]m and ⟨1,u⟩ = 0. By the discussion before (2), this does not change the principal’s learning
problem. Our algorithm in the single-agent case will not need signaling, so it will be enough to set |Si| = 1.

The main challenge of learning a game from a no-regret agent is the history-dependency of the agent’s
behavior. To fix ideas, suppose the agents has two actions A and B with unknown utility gap uA−uB = ∆ >
0. A straightforward attempt to learn the gap ∆ is to try different payments for action B (while paying 0
for action A) in a binary-search manner: the payment at which the agent just starts to play action B should
reveal the value of ∆. However, that approach does not work for a no-regret learning agent because no-regret
algorithms may not respond instantaneously to changes to the payment function. Historical payments affect
the agent’s future behavior. Moreover, the agent may incur negative regret over time, making it difficult to
learn anything from the agent’s behavior on subsequent rounds. For example, if an agent has regret −K for
all actions, then one cannot say anything at all about how the agent will behave in the next K rounds.

The key idea of our algorithm is to imagine the principal and the agent as playing a zero-sum game where
the principal selects the payment function p from some set P to be specified later, the agent selects mixed
strategy x ∈ ∆(m), the agent’s utility is given by ⟨u+ p,x⟩, and the principal’s utility is −⟨u+ p,x⟩. Call
this game Γ0. In particular, by setting P = {p ∈ [0, 2]m : ⟨1,p⟩ = m}, the zero-sum game Γ0 has the
following property:

Lemma 4.1. In the zero-sum game Γ0, every ε-Nash equilibrium strategy for the principal has the form
p = 1− u+ z, where ∥z∥1 ≤ 4mε.

Proof. Setting p = 1 − u guarantees ⟨u+ p,x⟩ = ⟨1,x⟩ = 1 for every x ∈ ∆(m). Thus, in every ε-Nash
equilibrium, the agent’s utility is at most 1 + ε. Now suppose for contradiction that (p,x) is an ε-Nash
equilibrium with ∥p+ u− 1∥1 > 4mε. Then since ⟨p+ u− 1,1⟩ = 0 by construction, there must be an
action a for which (p + u − 1)[a] > 2ε, i.e., (u + p)[a] > 1 + 2ε. But then the agent has an ε-profitable
deviation to action a.
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It is well known that no-regret learning algorithms converge on average to Nash equilibria in zero-
sum games. In particular, if both principal and agent run no-regret algorithms, and R0 is the principal’s
regret after T timesteps, then the average principal strategy 1

T

∑T
t=1 p

t is an ε-Nash equilibrium for ε ≲
(R0+C

√
T )/T . Here, we use the projected gradient descent algorithm for the principal. Note that, although

the principal’s utility function p 7→ −⟨u+ p,x⟩ depends on u (which the principal does not know), the
gradient of the principal’s utility function is −x, which does not depend on u. Thus, the principal can run
projected gradient descent without knowing u. The resulting algorithm is formalized in Algorithm 1.

Algorithm 1 Principal’s learning algorithm for a single no-regret agent

1: p1 ← 1
2: for each time t = 1, . . . , T do
3: principal selects payment vector pt ∈ P, observes strategy xt played by the agent
4: principal sets pt+1 ← ΠP [p

t − ηxt] ▷ η =
√

m/T is the step size

5: return − 1
T

∑T
t=1 p

t

Theorem 4.2 (main result). Algorithm 1 ε-learns any single-agent game Γ in T = O(m
3+C2m2

ε2 ) rounds,

for any agent with regret ≤ C
√
T .

Proof. Let p̄ = 1
T

∑T
t=1 p

t be the average payment. From the preliminaries, the regret bound of the principal

is given by R0 ≤ BG
√
T where B ≲

√
m and G = 1. By the previous paragraph, the average play between

the principal and the agent is an ε ≲ (R0 + C
√
T )/T -Nash equilibrium. Then, by Lemma 4.1, we have

ε = ∥p̄+ u− 1∥∞ ≤ ∥p̄+ u− 1∥1 ≲ 4m
R0 + C

√
T

T
≲

m√
T
(C +

√
m).

Solving for T yields the desired result.

The zero-sum-game idea of Algorithm 1 is surprisingly simple and powerful. The principal moves the
payment vector in the opposite direction of the agent’s mixed strategy every round, and the negative average
payment vector ultimately becomes an accurate estimate of the agent’s utility vector. This idea works for
any no-regret learning algorithm of the agent.

Another possible method to overcome history-dependency is to use signals: whenever the payment vector
is changed, send a new signal to the agent to disentangle from the history. Signaling allows us to implement
a binary-search algorithm to learn the game. However, that would require m log(1/ε) signals, one for each
step of the binary search, and the total number of rounds would be at least C2m/ε2 · log(1/ε), whereas our
Algorithm 1 achieves the better dependence of 1/ε2, saving a logarithmic term, without using signals.

4.2 Extension to the Multi-Agent Case

We then consider the multi-agent case. Our algorithm for the multi-agent case will combine the single-agent
algorithm with signaling. Intuitively, our algorithm uses signals to induce the action profile a−i among other
agents without increasing their regret by too much. More precisely, we set the signal set as Si := Ai ∪ {⊥}
where ⊥ is a special signal indicating that i’s utility is the one being learned at the moment. For every
action profile a−i ∈ A−i, we send signal ⊥ to agent i and the desired action aj for each agent j ̸= i to learn
Ui(·,a−i). This idea is formalized in Algorithm 2.

Theorem 4.3. For some choice of parameter L, Algorithm 2 ε-learns any game in poly(M,C)
ε2 rounds.

Proof Sketch. Since the principal always gives a large reward to agent who obey signals other than ⊥, agent
will almost always obey such signals. Thus, agents other than agent i will almost always play profile a−i.
This allows the principal to learn Ui(·, ā−i) using the one-player algorithm from Theorem 4.2. The formal
proof is deferred to Appendix A.
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Algorithm 2 Principal’s learning algorithm for multiple no-regret agents

1: t← 1
2: for every agent i = 1, . . . , n do
3: for every action profile ā−i ∈ A−i do
4: p1 ← 1 ∈ RAi

5: for timestep ℓ = 1, . . . , L do
6: principal sets P t

i (·) = pℓ[·] and P t
j (aj) = 2I{aj = āj} for every j ̸= i

7: principal sends signals sti = ⊥ and stj = āj for every j ̸= i
8: principal observes profile xt played by agents
9: principal sets pℓ+1 ← ΠP

[
pℓ − ηxt

i

]
▷ η =

√
mi/L is the step size

10: t← t+ 1

11: Ũi(·, ā−i)← − 1
L

∑L
ℓ=1 p

ℓ

12: return Ũ

Signals are vital to this analysis. Without them, it would be possible for players to incur large negative
regret, which harms the learning process because it allows the players to “delay” the learning until their
regrets once again become non-negative. For example, if we were to execute our algorithm without signals,
then by the time Tn(0) at which the outer loop reaches agent n, agent n could have Ω(Tn(0)) regret for
every action, making it impossible to say anything about how agent n will act for the next Ω(Tn(0)) rounds.
Using signals allows us to separate out the regret of agent n in previous rounds from the regret of agent n
when its own utility function is being learned.

4.3 Lower bound

We then prove a lower bound that matches Theorem 4.3 up to the exponent on M .

Theorem 4.4. Against no-regret agents, any algorithm that ε-learns a game takes at least max{Ω(nM) ·
log 1

ε ,
C2

4ε2 } rounds.

Proof. We prove the two terms in the max separately. For the first term, suppose that Ui(1, ·) = 0 for all
agents i, and Ui(ai, a−i) ∼ {0, 2ε, 4ε, . . . , 1} i.i.d. for 2 ≤ a ≤ mi and a−i ∈ A−i. Thus the utility U is
uniformly sampled from a set of Ω(1/ε)K possible utilities, where

K =
∑n

i=1

(
(mi − 1)

∏
j ̸=i

mj

)
≥ nM

2
.

Each utility function differs by 2ε, it follows that ε-learning a game sampled from this family entails exactly
outputting the utility U . Suppose that, as discussed in Section 3, the no-regret algorithms always output
pure strategies ati ∈ Ai. Then on each round, the principal only observes a single action profile a ∈ A, which
only conveys logM bits of information. Therefore, ε-learning the game takes at least

K log(Ω(1/ε))

logM
≳

nM log(1/ε)

logM

rounds, as desired.
For the second term, suppose ε ≤ C

2
√
T
. Let Zi : A→ [0, ε] be any function, and suppose that every agent

plays according to utility function Ui+Zi instead of Ui using an algorithm with C
2

√
T regret. Such an agent

incurs at most C
2

√
T + εT ≤ C

√
T regret with respect to Ui. Such an agent is completely indistinguishable

from an agent who has true utility Ui + Zi and runs an algorithm with regret C
√
T , and therefore the

principal can never distinguish between these two possibilities. Since this is true for any Zi, this means

that the principal cannot learn Ui to accuracy better than ε ≤ C
2
√
T
. Thus, T must be at least C2

4ε2 for the

principal to ε-learn the game.

Theorem 4.4 shows that it is impossible to exponentially improve the dependence on any of the parameters
in Theorem 4.2. For example, it implies that there can be no algorithm taking C2/ε2 ·M1−Ω(1) rounds,
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because that would contradict the lower bound for constant ε and suffficiently large M . We leave it as an
interesting open question to close the polynomial gaps between the lower and upper bounds presented here.

5 Applicaiton: Learning to Steer No-Regret Learners

A main motivating application of our result is the problem of steering no-regret learners to desired outcomes,
introduced by Zhang et al. [2024] who assume that the principal knows the game. In this section, we explore
the steering problem with unknown agent utilities.

The steering problem. In the steering problem, the principal uses payments (and signals) to incentivize
no-regret learning agents to achieve certain outcomes. We focus on the outcome that is optimal for the
principal. Formally, assume that the principal has a utility function U0 : A → R. We aim to maximize the
principal’s utility minus payments over T rounds:

F (T ) := 1
T

∑T

t=1
E
[
U0(a

t)−
∑n

i=1
P t
i (a

t)
]
.

To analyze the above objective, we introduce a solution concept called correlated equilibrium with payments
(CEP). A CEP is a correlated distribution of signals and payment functions that satisfies the usual incentive
compatibility constraints. Formally, we have the following definition.

Definition 5.1. A correlated profile with payments is a pair (µ, P ) ∈ ∆(A)× [0, B][n]×A×A, where

• µ ∈ ∆(A) is a distribution over joint action profiles a ∈ A, recommending each ai to agent i privately;

• P consists of n payment functions Pi : A×A→ [0, B], where Pi(s,a) is the payment to agent i given
joint signal s ∈ A and joint action a ∈ A.

Given (µ, P ), the objective value for the principal is defined as

F (µ, P ) := E
a∼µ

[
U0(a)−

∑n

i=1
Pi(a,a)

]
,

An ε-correlated equilibrium with payments (ε-CEP) is a pair (µ, P ) satisfying the ε-incentive compatibility
(IC) constraints: for every agent i ∈ [n] and deviation function ϕi : Ai → Ai,

E
a∼µ

[
UP
i (a, ϕi(ai),a−i)− UP

i (a,a)
]
≤ ε,

where UP
i (s,a) := Ui(a) + Pi(s,a). An 0-CEP is called a CEP.

Let F ∗(Γ) be the principal’s objective value under an optimal CEP of game Γ:

F ∗(Γ) = max
(µ,P ): a CEP of game Γ

F (µ, P ).

Steering to optimal CEP We now show that the principal can learn to steer agents to achieve the
optimal CEP objective F ∗(Γ) in the limit T → ∞. The algorithm (Algorithm 3) works in two stages.
In the first stage, the principal uses Algorithm 2 to learn the utility functions of the agents. Then, the
principal computes an optimal CEP and steers the agents to it. Notably, since the principal learns the
game up to an error ε > 0, it must give extra payments of at least 2ε to ensure that agents do not deviate.
Theorem 5.2 shows that the principal can learn to steer agents to achieve the optimal objective F ∗(Γ) at
a rate of poly(M,C)/T 1/4. In addition, our full paper also shows that no steering algorithm can achieve a
better objective than F ∗(Γ).

Theorem 5.2. For appropriate choices of parameters L (from Algorithm 2) and ρ, Algorithm 3 guarantees
principal objective F (T ) ≥ F ∗(Γ)− poly(M,C)/T 1/4 on average in T rounds.
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Algorithm 3 Principal’s algorithm for steering without prior knowledge of utilities

1: using Algorithm 2, estimate the utility functions to precision ε
2: compute an optimal CEP (µ̃∗, P̃ ∗) of the estimated game Γ̃
3: for remaining rounds do

4: set µt = µ∗ and P t
i (s,a) =


P̃ ∗
i (a,a) + 2ε+ ρ if s = a

2 if si = ai, s−i ̸= a−i

0 otherwise

.

Proof. From the analysis of Theorem 4.3, Algorithm 2 learns a game to precision ε = poly(M,C)/
√
L. (Note

that we do not express ε as a function of T because T is now the total number of rounds across both learning
and steering stages.)

Since Ũ and U differ by only ε (up to agent-independent terms), every CEP of Γ̃ is a 2ε-CEP of Γ. The
payment function P t

i for the steering stage then ensures that, when given signal si, it is dominant for agent
i to play ai = si. Formally, regardless of how other agents act, we have

U t
i (s, ai,a−i)− U t

i (s, a
′
i,a−i) ≥ ρ, ∀s ∈ A, ai = si,∀a′i ̸= si,∀a−i ∈ A−i.

Further, from the analysis of Theorem 4.3, agent i’s regret against following signals si ̸= ⊥ is always
nonnegative. Therefore, by agent i’s regret bound, there are at most C

√
T/ρ rounds on which agent i fails

to obey recommendation si in the steering stage. By a union bound, there are therefore mnC
√
T/ρ rounds

in the steering stage on which at ̸= st. Thus, the principal’s suboptimality is bounded by

F ∗(Γ)−F (T ) ≤ F ∗(Γ)− F ∗(Γ̃)︸ ︷︷ ︸
(1)

+ (2n+1)nML
T︸ ︷︷ ︸
(2)

+ n(2ε+ ρ)︸ ︷︷ ︸
(3)

+ (2n+1)mnC

ρ
√
T︸ ︷︷ ︸

(4)

≤ poly(M)·
(

L
T + 1√

L
+ ρ+ 1

ρ
√
T

)

where the four terms are:

(1) The difference between the optimal objectives on games Γ and Γ̃. It is at most 2nε because F ∗(Γ) =
F (µ∗, P ∗) ≤ F (µ∗, P ∗ + 2ε) + 2nε ≤ F (µ̃∗, P̃ ∗) + 2nε = F ∗(Γ̃) + 2nε.

(2) The suboptimality and payments in the utility learning stage,

(3) The bonus payments to ensure strict incentive compatibility in the steering stage, and

(4) The suboptimality and payments in rounds on which at ̸= st.

Setting ρ = T−1/4 and L = T 2/3 then completes the proof.

6 Conclusions

We showed that a principal can efficiently learn the utility functions of agents in games through payments
and signals, and applied our algorithms to achieve optimal steering without prior knowledge of the game.
Our results apply to arbitrary no-regret agents. The zero-sum-game based algorithm for the single-agent
case is surprisingly simple.

A Proof of Theorem 4.3

As in Theorem 4.2, we will assume without loss of generality that
∑

ai∈Ai
Ui(ai,a−i) = 0 for all agents i

and opponent profiles a−i.
We first claim that, for any agent i and any given signal sti = ai ∈ Ai, the total probability mass that i

plays actions other than ai is bounded by C
√
T . To see this, note that whenever the principal sends signal

ai, the payment is always set such that U t
i (ai,a−i) ≥ 1 + U t

i (a
′
i,a−i). Thus, the number of times i does
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not play ati = ai quantity lower-bounds the regret R̂(T, ai). The claim follows from the regret guarantee

R̂(T, ai) ≤ C
√
T .

We will refer to the iterations of the inner loop over action profiles a−i as phases. Fix an agent i, and
number the phases for that agent using integers k ∈ {1, · · · ,Mi =

∏
j ̸=i mj}, corresponding to strategy

profiles ā1
−i, . . . , ā

Mi
−i ∈ A−i. Let Ti(k) = {T i(k), . . . , T i(k)} be the set of timesteps in agent i’s kth phase.

The length of each phase is |Ti(k)| = L. Let BK be the total probability mass placed by all agents j ̸= i on
strategy profiles other than āk

−i throughout phases 1, . . . ,K. By the previous claim, we have

BK :=
∑

k≤K,t∈Ti(k)

(
1−

∏
j ̸=i

xt
j(ā

k
j )
)
≤

∑
k≤K,t∈Ti(k),j ̸=i

(
1− xt

j(ā
k
j )
)
≤ nmC

√
T .

By the principal’s regret bound in each phase, we must have∑
t∈Ti(k)

U t
i (x

t
i, ā

k
−i) =

∑
t∈Ti(k)

Ui(x
t
i, ā

k
−i) +

∑
t∈Ti(k)

P t
i (x

t
i)

≤
∑

t∈Ti(k)

Ui(x
t
i, ā

k
−i) +

∑
t∈Ti(k)

[
1− Ui(x

t
i, ā

k
−i)

]
+R0

= L+R0

where the inequality follows from the facts that 1) the principal’s regret is bounded, 2) P t
i (·) = 1−Ui(·, āk

−i)
is a valid unilateral deviation for the principal.

Fix some K ≤Mi and ai ∈ Ai. By the anytime regret bound of agent i under signal ⊥, we have∑
k≤K,t∈Ti(k)

U t
i (ai,x

t
−i) ≤

∑
k≤K,t∈Ti(k)

U t
i (x

t
i,x

t
−i) + R̂i(Ti(k),⊥)

≤ 2BK +
∑

k≤K,t∈Ti(k)

U t
i (x

t
i, ā

k
−i) + R̂i(Ti(k),⊥)

≤ 2nmC
√
T +K(L+R0) + nC

√
T .

Moving KL to the left and writing U t
i (ai,x

t
−i) as Ui(ai,x

t
−i) + P t

i (ai),

K∑
k=1

1

L

∑
t∈Ti(k)

[Ui(ai,x
t
−i) + P t

i (ai)− 1]

︸ ︷︷ ︸
denoted by εi(k,ai)

≤ 1

L

(
R0K + 3nmC

√
T
)
.

The error we need to bound is ∥εi(k, ·)∥∞. Since the above inequality holds for any ai, and
∑

ai
εi(k, ·) = 0

by definition, it follows that∥∥∥∥∥
K∑

k=1

εi(k, ·)

∥∥∥∥∥
∞

= max
ai∈Ai

∣∣∣∣ K∑
k=1

1

L

∑
t∈Ti(k)

[Ui(ai,x
t
−i) + P t

i (ai)− 1]

∣∣∣∣ ≤ m

L

(
R0K + 3nmC

√
T
)
.

By triangle inequality, we have

∥εi(k, ·)∥∞ =

∥∥∥∥∥
k∑

k′=1

εi(k
′, ·)−

k−1∑
k′=1

εi(k
′, ·)

∥∥∥∥∥
∞

≤ 2m

L

(
R0M + 3nmC

√
T
)
.

Finally, substituting R0 ≲
√
mL and T ≤ nML, we arrive at

∥εi(k, ·)∥∞ ≲
1√
L

(
m3/2M + n3/2m2CM1/2

)
.

Taking L = O(m
3M2+n3m4MC2

ε2 ) completes the proof, with T ≤ nML = O(nm
3M3+n4m4M2C2

ε2 ).
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